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Abstract
We prove that if F is a finite-dimensional Banach space and X has the super fixed point property for
nonexpansive mappings, then F ⊕ X has the super fixed point property with respect to a large class of
norms including all lp norms, 1 p < ∞. This provides a solution to the “super-version” of the problem
of Khamsi (1989).
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
The so-called metric fixed point theory is now a well-developed branch of fixed point theory
with its own methods and problems but also with links to other fields such as geometry of Banach
spaces, integral and differential equations, multivalued analysis and others (see [24] and the
references given there).
Let C be a nonempty, bounded, closed and convex subset of a Banach space X. Recall that a
mapping T :C → C is nonexpansive if
‖T x − Ty‖ ‖x − y‖
for all x, y ∈ C. A Banach space X is said to have the fixed point property (FPP) if every such
mapping has a fixed point. A Banach space X is said to have the weak fixed point property
(WFPP) if C is additionally weakly compact. In 1965 Kirk [22] proved that normal structure is a
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the Chebyshev radius rC(C) < diamC for all bounded closed convex subsets C of X consisting
of more than one point.)
The problem of whether FPP or WFPP is preserved under direct sum of Banach spaces is an
old one. In 1968 Belluce, Kirk and Steiner [3] proved that the direct sum of two Banach spaces
with normal structure, endowed with the “maximum” norm, also has normal structure. Since
then, the preservation of normal structure and conditions which guarantee normal structure have
been studied extensively and the problem is now quite well understood (see [28–30,35] and
the references given there). But the situation is much more difficult if at least one of these spaces
lacks (weak) normal structure. To the author’s knowledge the only known results are given in [10,
19,27,30,39]. (We should also mention [5,21,23,26,37], where nonexpansive mappings defined
on rectangles C1 × C2 are considered.)
In this paper we prove in Section 3 that if F is finite-dimensional and X has the super fixed
point property (see Section 2 for the definition), then F ⊕ X has the super fixed point property
with respect to a large class of norms including all strictly monotone norms. This provides a
solution to the “super-version” of the problem of M.A. Khamsi [21, p. 999] for this class of
norms. Some consequences of this theorem and examples of Banach spaces with the super fixed
point property are given in Section 4.
2. Basic notions and tools
In this section we shall briefly recall basic tools used in the sequel. For more details we refer
the reader to [1,2,7,14,24,32,34]. Let X and Y be Banach spaces and let 0 < ε < 1. A linear map
T :Y → X is an ε-isometry if
(1 − ε)‖y‖ ‖Ty‖ (1 + ε)‖y‖
for all y ∈ Y . Recall [18] that Y is said to be finitely representable in X if for each ε ∈ (0,1) and
every finite-dimensional subspace M ⊂ Y there exists an ε-isometry T :M → X.
We say that a Banach space X is superreflexive if every Banach space Y which is finitely
representable in X is reflexive. Similarly, a Banach space X has the super fixed point property
(SFPP, in short) if every Banach space Y which is finitely representable in X has FPP.
We shall need the following theorem which follows from a result of van Dulst and Pach
[6, Theorem 3.2].
Theorem 2.1. Let X have the super fixed point property. Then X is superreflexive.
The notion of finite representability is closely related with the construction of Banach ultra-
powers. Let U be an ultrafilter defined on a set I . The ultrapower (X)U of a Banach space X is
the quotient space of
l∞(X) =
{
(xn): xn ∈ X for all n ∈ I and
∥∥(xn)∥∥= sup
n
‖xn‖ < ∞
}
by
kerN =
{
(xn) ∈ l∞(X): lim‖xn‖ = 0
}
.U
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by
∥∥(xn)U∥∥= limU ‖xn‖,
where (xn)U is the equivalence class of (xn). It is also clear that X is isometric to a subspace
of (X)U by the embedding x → (x)U . We shall not distinguish between x and (x)U .
The connection between finite representability and ultrapowers was independently observed
by Henson and Moore [17], and Stern [36] (see also [1,15,34]).
Theorem 2.2. A Banach space Y is finitely representable in X if and only if there exists an
ultrafilter U such that Y is isometric to a subspace of (X)U .
From Theorem 2.2 we obtain immediately
Proposition 2.3. For any Banach space X:
(i) X is superreflexive iff each ultrapower (X)U is reflexive;
(ii) X has SFPP iff each ultrapower (X)U has FPP.
We shall also need the following result concerning iterated ultrapowers, see for instance
[34, Theorem 13.2].
Theorem 2.4. Let U and V be ultrafilters on I and J , respectively, and let X be a Banach
space. Then there exists an ultrafilter W defined on I × J such that ((X)U )V is isometric to the
ultrapower (X)W .
Assume now that C is a nonempty weakly compact, convex subset of a Banach space X and
that there exists a nonexpansive mapping T :C → C without fixed points. Then, by Zorn lemma,
there exists a minimal convex and weakly compact set K ⊂ C which is invariant under T and
which is not a singleton. Recall that a sequence (xn) is called an approximate fixed point sequence
for T if
lim
n→∞‖T xn − xn‖ = 0.
The following lemma was independently proved by Goebel [13] and Karlovitz [20].
Lemma 2.5. If (xn) is an approximate fixed point sequence for T in K , then
lim
n→∞‖xn − x‖ = diamK
for all x ∈ K .
In 1980 the Banach space ultrapower construction was applied in fixed point theory by Mau-
rey, see [31]. Let U be a free ultrafilter on N and denote by K˜ ⊂ (X)U the set
K˜ = {(xn)U ∈ (X)U : xn ∈ K for all n ∈ N}.
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T˜ : K˜ → K˜ is a well-defined nonexpansive mapping. Moreover, Fix T˜ , the set of fixed points
of T˜ , is nonempty and is characterized as those points from K˜ which are represented by se-
quences (xn) in K for which limU ‖T xn −xn‖ = 0. We can now rephrase Lemma 2.5 as follows.
Lemma 2.6. For every x ∈ K and y˜ ∈ Fix T˜
‖x − y˜‖ = diamK.
Let (xn) be a sequence in K and put
H(xn) =
{
(xkn)U : (xkn) is a subsequence of (xn)
}
.
It is not difficult to see that if (xn) is an approximate fixed point sequence for T , then
H(xn) ⊂ Fix T˜ . The following lemma is a reformulation of known facts, see the arguments in
[25, Theorem 4.4], [38, Theorem 3.1], [1, p. 86]. We sketch the proof for the convenience of the
reader.
Lemma 2.7. Let X be superreflexive and assume that (xn) is a sequence in K which converges
weakly to 0. Then
0 ∈ convH(xn).
Proof. It is sufficient to prove that 0 is in the weak closure of H(xn). Let ε > 0 and let
F˜1, F˜2, . . . , F˜m be functionals in (X)∗U . Since X is superreflexive, then, by the Henson–Moore
theorem [16,17], see also [15,34], there exist sequences (f 1n ), (f 2n ), . . . , (f mn ) ⊂ X∗ such that
F˜1
(
(un)U
)= lim
U
f 1n (un), . . . , F˜m
(
(un)U
)= lim
U
f mn (un)
for every (un)U ∈ X˜. Since (xn) converges weakly to 0, there exists an increasing sequence of
integers (kn) such that
∥∥f 1n (xkn)∥∥ ε, . . . , ∥∥f mn (xkn)∥∥ ε
for all n ∈N. Hence
F˜1
(
(xkn)U
)
 ε, . . . , F˜m
(
(xkn)U
)
 ε
and it follows that (xkn)U ∈ H(xn) belongs to the weak neighbourhood of 0. This completes the
proof since ε > 0 and F˜1, F˜2, . . . , F˜m ∈ (X)∗U were arbitrary. 
3. Main theorem
Let X and Y be Banach spaces and p ∈ [1,∞). We denote by X ⊕p Y the product space
X ⊕ Y equipped with the norm
∥∥(x, y)∥∥= (‖x‖p + ‖y‖p)1/p.
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A norm ‖ · ‖ on X ⊕ Y is said to be of type (UL) if:
(i) ‖(x,0)‖ = ‖x‖ and ‖(0, y)‖ = ‖y‖ for every x ∈ X,y ∈ Y ;
(ii) ‖x‖ ‖(x, y)‖ and ‖y‖ ‖(x, y)‖ for every x ∈ X,y ∈ Y ;
(iii) there exists M > 0 such that for every x, x′ ∈ X and y ∈ Y we have
‖x‖ − ‖x′‖M(∥∥(x, y)∥∥− ∥∥(x′, y)∥∥).
It was asked in [21, p. 999] whether WFPP (FPP) is preserved under the product X ⊕ Y if one of
these spaces is finite-dimensional.
Below we solve the “super-version” of this problem for strictly monotone norms and norms
of type (UL). Notice that (X ⊕ Y)U is isometric to (X)U ⊕ (Y )U for any ultrafilter U and
∥∥((xn)U , (yn)U )∥∥(X)U⊕(Y )U =
∥∥(xn, yn)U∥∥(X⊕Y)U = limU
∥∥(xn, yn)∥∥X⊕Y .
From now on we shall use the same symbol ‖ · ‖ for the norms above.
Lemma 3.1. If the product X ⊕ Y is endowed with a norm of type (UL), then the induced space
(X)U ⊕ (Y )U is endowed with a norm of type (UL), too.
Proof. It is not difficult to see that
∥∥((xn)U ,0)∥∥= limU
∥∥(xn,0)∥∥= limU ‖xn‖ =
∥∥(xn)U∥∥
for every (xn)U ∈ (X)U and, similarly, ‖(0, (yn)U )‖ = ‖(yn)U‖ for (yn)U ∈ (Y )U . To prove (ii)
notice that
lim
U
‖xn‖ limU
∥∥(xn, yn)∥∥ and limU ‖yn‖ limU
∥∥(xn, yn)∥∥.
Hence
∥∥(xn)U∥∥ ∥∥((xn)U , (yn)U )∥∥ and ∥∥(yn)U∥∥ ∥∥((xn)U , (yn)U )∥∥
for every (xn)U ∈ (X)U , (yn)U ∈ (Y )U . Finally
lim
U
‖xn‖ − limU ‖x
′
n‖M
(
lim
U
∥∥(xn, yn)∥∥− limU
∥∥(x′n, yn)∥∥
)
which proves (iii). 
We are now in a position to prove the following theorem.
Theorem 3.2. Let X be a Banach space with the super fixed point property and F be a finite-
dimensional space. Then F ⊕ X, endowed with a norm of type (UL), has the super fixed point
property.
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an ultrafilter V such that F ⊕ (X)V ∼= (F ⊕X)V does not have FPP. Since X has SFPP, it follows
from Theorem 2.1 that X is superreflexive and, by Proposition 2.3, (X)V is superreflexive. Hence
F ⊕ (X)V is superrefexive, too. To simplify notation, put Y = (X)V .
Let T :C → C be a nonexpansive mapping defined on a bounded closed and convex subset C
of F ⊕ Y without fixed points. Since F ⊕ Y is superreflexive, C is weakly compact and hence
there exists a closed convex set K ⊂ C which is minimal invariant under T . Let (xn, yn) be
an approximate fixed point sequence for T in K . We may assume that diam K = 1 and that
((xn, yn)) converges weakly to (0,0) ∈ K . Then, by the Goebel–Karlovitz Lemma 2.5,
lim
n→∞
∥∥(xn, yn)∥∥= 1.
Let U be a free ultrafilter on N. Since F is finite-dimensional, (xn) converges strongly to 0. Thus
(xkn)U = 0 for every subsequence (xkn) of (xn) and
H(xn,yn) :=
{
(xkn, ykn)U :
(
(xkn, ykn)
)
is a subsequence of
(
(xn, yn)
)}
= {(0, ykn)U : (ykn) is a subsequence of (yn)}.
By Lemma 2.7,
(0,0) ∈ convH(xn,yn)
and, since H(xn,yn) ⊂ Fix T˜ , there exist distinct points (0, ykn)U , (0, yln)U ∈ H(xn,yn) such that∥∥(0, 12ykn + 12yln)U∥∥= ∥∥( 12ykn + 12yln)U∥∥= r < 1.
(Otherwise, by Lemma 2.6, convH(xn,yn) would lie on the unit sphere.) Let d =
‖(ykn − yln)U‖ > 0 and put
D = B((0, ykn)U , 12d)∩ B((0, yln)U , 12d)∩ B(K, r) ∩ K˜.
It is easy to see that D = ∅ is convex and T˜ (D) ⊂ D. We show that if (an, bn)U ∈ D, then
(an)U = 0. Indeed,∥∥(ykn − yln)U∥∥ ∥∥(ykn − bn)U∥∥+ ∥∥(bn − yln)U∥∥
= ∥∥(0, ykn − bn)U∥∥+ ∥∥(0, bn − yln)U∥∥

∥∥(−an, ykn − bn)U∥∥+ ∥∥(an, bn − yln)U∥∥
= ∥∥(0, ykn − yln)U∥∥= ∥∥(ykn − yln)U∥∥
and thus ∥∥(0, bn − yln)U∥∥= ∥∥(an, bn − yln)U∥∥.
Hence ∥∥(0, (bn − yln)U )∥∥= ∥∥((an)U , (bn − yln)U )∥∥
and it follows from Lemma 3.1 that (an)U = 0.
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D1 =
{
(un)U : (0, un)U ∈ D
}
is a subset of Y˜ which is isometric to D.
Define T1 :D1 → D1 as
T1
(
(un)U
)= PrY˜ (T˜ ((0, un)U )),
where PrY˜ denotes the standard projection onto Y˜ . Notice that T1 is nonexpansive. By assump-
tion, X has SFPP, and it follows from Theorem 2.4 that (Y )U = ((X)V )U has FPP. Thus there
exists (vn)U ∈ D1 such that
T1
(
(vn)U
)= (vn)U
and consequently
T˜
(
(0, vn)U
)= (0, vn)U .
But this contradicts Lemma 2.6 because (0, vn)U ∈ D ⊂ B(K, r). 
Let us consider another, more symmetric, class of norms. A norm ‖ · ‖Z on R2 is said to be
strictly monotone if
∥∥(x1, y1)∥∥Z < ∥∥(x2, y2)∥∥Z
whenever |x1|  |x2|, |y1| < |y2| or |x1| < |x2|, |y1|  |y2|. We say that a norm on X ⊕ Y is
strictly monotone if
∥∥(x, y)∥∥= ∥∥(‖x‖,‖y‖)∥∥
Z
and the norm ‖ · ‖Z is strictly monotone.
Strictly monotone norms do not necessarily satisfy the condition (i):
∥∥(x,0)∥∥= ‖x‖ and ∥∥(0, y)∥∥= ‖y‖ for every x ∈ X, y ∈ Y.
However, it is not difficult to see that the proof of Theorem 3.2 is also valid in this case.
Theorem 3.3. Let X be a Banach space with the super fixed point property and F be a finite-
dimensional space. Then F ⊕ X, endowed with a strictly monotone norm, has the super fixed
point property.
In particular, the result holds for lp-products F ⊕p X, p ∈ [1,∞).
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It is a long-standing open problem whether all superreflexive spaces have FPP (and hence
SFPP). However, there are two important classes of spaces which have the super fixed point
property. Recall first that
0(X) = sup
{
  0: δX() = 0
}
,
where δX denotes the modulus of convexity of a Banach space X. It is well known that 0(X) < 2
implies superreflexivity of X. A recent result of García Falset et al. [12] (see also [32]), states that
if 0(X) < 2, then X has FPP. In consequence, X has SFPP since 0(X) = 0((X)U ). Combining
it with Theorems 3.2 and 3.3 we obtain
Proposition 4.1. Let X be a Banach space with 0(X) < 2 and let F be a finite-dimensional
space. Then F ⊕ X, endowed with a norm of type (UL) or a strictly monotone norm, has SFPP.
In 1997 Prus [33] introduced the notion of uniformly noncreasy spaces. A real Banach space
X is uniformly noncreasy if for every ε > 0 there is δ > 0 such that if f,g ∈ SX∗ and ‖f −g‖ ε,
then diamS(f,g, δ) ε, where
S(f,g, δ) = {x ∈ BX: f (x) 1 − δ ∧ g(x) 1 − δ}.
To be precise, we put diam∅ = 0. It is well known that uniformly convex as well as uniformly
smooth spaces are uniformly noncreasy. The Bynum space l2,∞, which is l2 space endowed with
the norm
‖x‖2,∞ = max
{‖x+‖2,‖x−‖2},
(see [4]), and the space X√2, which is l2 space endowed with the norm
‖x‖√2 = max
{‖x‖2,√2‖x‖∞},
(see [3]), are examples of uniformly noncreasy spaces without normal structure. It was proved
in [33] that all uniformly noncreasy spaces are superreflexive and have SFPP. This yields
Proposition 4.2. Let X be uniformly noncreasy and let F be a finite-dimensional space. Then
F ⊕ X, endowed with a norm of type (UL) or a strictly monotone norm, has SFPP.
Remark. The above result is also valid for some generalizations of uniformly noncreasy spaces
given in [8,9,11].
Other examples of spaces with the super fixed point property are given by the author’s result
[39, Theorem 2.3]. In particular, the lp-products of uniformly noncreasy spaces have SFPP.
Banach spaces X with the property that R⊕X has WFPP were studied in [27]. The following
theorem was established for the l1-norm but the proof works for all strictly monotone norms.
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every direction. If Y is a Banach space such that R⊕Y , endowed with a strictly monotone norm,
has WFPP, then X ⊕ Y also has WFPP.
Theorems 3.3 and 4.3 give
Proposition 4.4. Let X be a Banach space which is uniformly convex in every direction. If Y has
SFPP, then X ⊕ Y , endowed with a strictly monotone norm, has WFPP.
We conclude with the observation concerning spaces with the Schur property. The proof is
similar to that in Section 3.
Proposition 4.5. Let X be a Banach space with the Schur property and let Y has SFPP. Then
X ⊕ Y , endowed with a norm of type (UL) or a strictly monotone norm, has WFPP.
Problem. It is natural to ask whether the results of this paper are valid for the product space
endowed with the “maximum” norm or, more generally, with a monotone norm.
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